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The author gives a simple proof of a theorem of Kummer. Let q denote an 
odd prime, e = (q - 1)/2 and let f,(x) denote the polynomial with leading 
coefficient 1 whose roots are 2 cos (2 m?r/q) with ‘1 < m < e. Then all prime 
divisors p of the polynomial f,(x) have the form p = * 1 (mod q), except for 
P = 4. 
Let q denote an odd prime, e = (q - 1)/2. Kummer [l] proved that 
the polynomialf,(x) with integral coefficients whose roots are 2 cos(2mrr/q) 
with 1 < m < e, has the property given by the 
THEOREM. All prime divisors p of the polynomial fe(x) have the form 
p = &l (mod 2q), except for p = q. 
Remark. The case q = 7 was known to Gauss. 
Proof. Consider the finite field K = GF(p*-l). The nonzero elements 
of this field form a cyclic multiplicative group. Let 8 denote a generator 
of this group. Then, if p f q, let 
w = ew-‘-1)/n. 
> 
(by Fermat’s Little Theorem, the exponent of 0 is in Z). 
Since wg = 1 and w f 1, we have 1 + w + w2 + **a + w*-l = 0 in 
GF(p*-l). Set x = w + w-l. Then x satisfies the equation 
fe(x) = 0 
in K whose roots are wnZ + w-“, 1 < m < e. The mapping cz -% cP 
replaces every element 01 of K by its p-th power and is an automorphism 
of the field K: U(E) = CP. It is well known that the fixed points of this 
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mapping are elements of the subfield GF(p), and these only. Write 
a! m = 1~ + w-m, I <m <e. Then, ifp = 51 (modq), 
a(a,) = wmz + w-p. 
Since wmg = wm ifp 3 1 (mod q) and wmP = w-+ if p = -1 (mod q), 
we see at once that 
a(&,) = 01, if p = f I (mod q). 
Thus 01, E GF(p) if p = Al (mod q). We have thus proved that all 
primes p = f 1 (mod q) are certainly prime divisors off&). Next suppose 
p = #z (mod q), with 2 < h < e. We shall show that ~(a,) f 01, so 
that cy, 6 GF(p). For 
a(cY,) = wmp + w-ml’ 
If u(iu,,) = (Y, , then 
= Wmh + W-mhe 
or 
w” + W-m = Wmh + W-mh 
or 
wmh - wm = (l/w”“) - (l/W”h), 
(wmh - w”){l - [l/w”‘h+“] = 0. 
Neither factor is 0. If wmh = w”, then wrn+l) = 1. Thus m(h - 1) = 0 
(mod q), which is false for 1 < m < e, 0 < h - 1 < e - 1. Finally, 
wm(h+l) = 1 would imply m(h + 1) = 0 (mod q) which again is false 
for O<h+l <e+l <q=2e+l. This completes the proof of 
Kummer’s theorem. 
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